Abstract-New mathematical model equations for O 2 and CO 2 saturations of hemoglobin (S HbO2 and S HbCO2 ) are developed here from the equilibrium binding of O 2 and CO 2 with hemoglobin inside RBCs. They are in the form of an invertible Hill-type equation with the apparent Hill coefficients K HbO2 and K HbCO2 in the expressions for S HbO2 and S HbCO2 dependent on the levels of O 2 and CO 2 partial pressures (P O2 and P CO2 ), pH, 2,3-DPG concentration, and temperature in blood. The invertibility of these new equations allows P O2 and P CO2 to be computed efficiently from S HbO2 and S HbCO2 and vice versa. The oxyhemoglobin (HbO 2 ) and carbamino-hemoglobin (HbCO 2 ) dissociation curves computed from these equations are in good agreement with the published experimental and theoretical curves in the literature. The model solutions describe that, at standard physiological conditions, the hemoglobin is about 97.2% saturated by O 2 and the amino group of hemoglobin is about 13.1% saturated by CO 2 . The O 2 and CO 2 content in whole blood are also calculated here from the gas solubilities, hematocrits, and the new formulas for S HbO2 and S HbCO2 . Because of the mathematical simplicity and invertibility, these new formulas can be conveniently used in the modeling of simultaneous transport and exchange of O 2 and CO 2 in the alveoli-blood and blood-tissue exchange systems.
INTRODUCTION
As blood passes through capillaries, the affinity of hemoglobin (Hb) for O 2 and CO 2 changes along the length of the capillary. Each O 2 and CO 2 reduce the affinity of Hb for the other. Changes in pH and temperature have synergistic effects. In metabolizing tissue, the blood warms, becomes more acidic, and carries more CO 2 as it progresses along the capillary; the rising temperature, the diminishing pH, and the rising P CO 2 all reduce the affinity of Hb for O 2 and foster O 2 release from Hb into the tissue. The loss of O 2 from Hb into the tissue fosters the uptake of CO 2 by Hb, though this effect is small compared to the buffering by bicarbonate. In the lungs, the reduction in temperature, the loss of CO 2 , and the concordant rising of pH all foster increasing the affinity of Hb for O 2 . Thus the local influences in lung versus tissue capillaries are ideally suited to maximize the delivery of O 2 from alveolar air to tissues and the removal of CO 2 from tissue to alveolar air. The other solute having a significant influence on the binding of O 2 to Hb is 2,3-diphosphoglycerate (2,3-DPG); raising [2, levels, as occurs with altitude and in diabetes, reduces the O 2 binding to Hb, shifting the oxyhemoglobin (HbO 2 ) dissociation curve to higher P 50 s, just like higher CO 2 , lower pH and higher temperature do.
Early Development of Oxyhemoglobin Dissociation Descriptions
Numerous mathematical models have been proposed in the literature to describe the standard and nonstandard HbO 2 ''equilibrium'' dissociation curves since the pioneering work of Hill 13 and Adair. 1 These are reviewed extensively by Roughton, 29 Antonini and Brunori, 2 Baumann et al., 5 and Popel. 27 We shall henceforth, for brevity, call the HbO 2 ''equilibrium'' dissociation curves the HbO 2 dissociation curves (ODC). Hill 13 originally postulated an nth-order onestep kinetic hypothesis for O 2 binding to Hb to derive the simplest model for standard ODC involving only two parameters. Hill's equation for the ODC describes the oxygen saturation S O 2 as a function of oxygen partial pressure P O 2 relative to the half-saturation level P 50 :
where K O 2 is the Hill coefficient and n is the Hill exponent. They are related by K O 2 = (P 50 ) Àn where P 50 is the level of P O 2 at which Hb is 50% saturated by O 2 . The value n = 2.7 was found to fit well to the data for normal human blood in the saturation range of 20-98% 29 for which the value of P 50 is about 26.8 mmHg. This gives K O 2 = 1.3933 9 10 À4 mmHg Àn . Hill's equation is analytically invertible.
Subsequently, Adair 1 postulated a more realistic four-step kinetic hypothesis (known as the intermediate compound hypothesis) and derived a more accurate formula for standard ODC involving four distinct parameters. Because of its better accuracy, Adair's equation has been particularly useful in the analysis of experimental data at very low and very high P O 2 's. 28, 30, 40 Winslow et al. 39 developed an algorithm for computing the nonstandard ODCs by analyzing fresh human whole blood data over a range of O 2 and CO 2 partial pressures, pH, and [DPG]/[Hb] concentration ratio using the Adair's equation. O'Riordan et al. 26 compared nine different models, including Hill's equation and Adair's equation, by fitting them to the data for normal human whole blood. Hill's equation was found to give good characterization of the data over the saturation range of 20-98%, confirming the earlier finding of Roughton, 29 which is the range of major physiological interest. However, Adair's equation was found to be accurate at saturations approaching 100% and was good also down to a little less than 10% saturation (see also Baumann et al., 5 Roughton, 28 Roughton et al., 29 Roughton and Severinghaus 30 ).
The Need for a Model with Practical Accuracy and Convenience
The aim of this study is to provide an expression describing the relationship between hemoglobin saturation and P O 2 over a wide range of not only P O 2 but P CO 2 , pH, 2,3-DPG, and temperature, a total of five variables. It is furthermore important that this expression be invertible so that one can convert from observations on a blood sample to the relevant chemical driving forces and to the total contents of oxygen and carbon dioxide in the blood. Our efforts in searching for extensive data sets covering large ranges of these five variables met with failure: Winslow et al.'s 40 data were by far the most extensive, but the original data tables have not been preserved, though of course they are summarized by the P 50 's he reported. Consequently we have been reduced to fitting these ''summaries'' defined through other models rather than performing optimizations to parameterize our new, more broadly defined model against original experimental observations. This compromise is acceptable because of the many observations and analyses (referenced above and in the following paragraphs) on which it is based.
Development of Further Oxyhemoglobin Models
Margaria et al. 25 and Margaria 24 modified Adair's equation by expressing the four Adair constants in terms of two distinct parameters, one representing the O 2 affinity for first three heme sites and the other representing an increased affinity for fourth oxygenation. Subsequently, Kelman 18 proposed an empirical formula (also see Kelman 19 ) for converting O 2 tension into its saturation; it is a little more complicated than Adair's, using seven distinct parameters. For nonstandard physiological conditions, a virtual O 2 tension was computed as a function of pH, P CO 2 , and temperature from the experimental data and curve-fitting results of Severinghaus. 32 Kelman's formula gives negative values of S O 2 for P O 2 < 10 mmHg, the physically unrealistic values indicating failure of the algorithm in the region 0 mmHg < P O 2 < 10 mmHg. Later, Kelman 20 proposed a quadratic formula for S O 2 for this range. It is worth pointing out here that the models proposed by Adair 
Carboxyhemoglobin
There are few mathematical models available in the literature for computing the CO 2 saturation of hemoglobin and CO 2 content in whole blood. Kelman 21 described an algorithm for computing the whole blood CO 2 content from the levels of pH, CO 2 tension, O 2 saturation and temperature in blood. Forster et al. 10 and Forster 11 have studied the rate of reaction of CO 2 with Hb to form HbCO 2 (carbamino-hemoglobin) at various physiological conditions. Hill et al.
14-16 and Salathe et al. 31 have computed the concentration of HbCO 2 during O 2 and CO 2 exchange through mathematical modeling by accounting for the physical and biochemical processes including the acid-base balance. 
The Consequence of This Study
This study fulfills an important requirement in the physiological studies of simultaneous O 2 and CO 2 transport and exchange by including the influences of Hb-mediated nonlinear O 2 -CO 2 interactions [14] [15] [16] [17] 31 and the related changes in pH that occur with passage through capillaries in tissues and in the lung. Accounting for both Bohr and Haldane effects is crucial in the modeling of simultaneous transport and exchange of O 2 and CO 2 in the circulatory system. For example, an important clinical application using the results of the present work is in using 15 The binding of CO 2 with the four amino groups of a hemoglobin molecule is noncooperative in nature. So the kinetics of CO 2 uptake by Hb can be represented by reactions (2b) and (2c) with the rate and equilibrium constants fixed. However, the binding of O 2 with Hb takes place in four intermediate steps and is cooperative in nature due to the interactions between the binding heme sites. 2 To account for this through our one-step kinetic approach in reaction (2d), we use the equilibrium ''constant'' K 
Equilibrium Relations
The reactions (2a)-(2f) are not instantaneous and can be described through a set of ordinary differential equations. However, these reactions approach equilibrium within about 20 ms, so the equilibrium descriptions through algebraic equations are very close to the truth. Therefore, from here on, we use the ratios of the on-to-off rate constants, that is, the equilibrium constants, instead of the rate constants. At equilibrium, we obtain the following set of algebraic relations from the set of reactions (2a)-(2f), where we denote [AE] as the concentration of a species in the water space of RBCs:
where the equilibrium constants K are defined by
Pure water (H 2 O) has a molecular weight of 18 g/ mole so that its concentration in plasma, which is 94% water, is about 55.56 9 0.94 = 52.23 M which is very high as compared to the total solute concentration (280 mM) in plasma. This leads to K The concentrations of total hemoglobin, total O 2 -bound hemoglobin, and total CO 2 -bound hemoglobin in RBCs are given by (5b) and (5c), we obtain the following explicit expressions for the concentrations of total hemoglobin, total O 2 -bound hemoglobin, and total CO 2 -bound hemoglobin in RBCs: 
where the apparent Hill coefficients K The forward rate constant Kf for the dissociation of O 2 from O 2 HmNH 2 depend on the levels of P O 2 , P CO 2 , pH, [2, and T in RBCs. 4 We characterize the dependency of the equilibrium [2, and T through the following power-law proportionality equation:
where the proportionality equilibrium constant K Table 1 (9) with n 2 = n 3 = n 4 = 0 and nonzero n 0 and n 1 . The level of P CO2 at which the hemoglobin is 50% saturated by CO 2 and the empirical exponents n 0 , n 1 , n 2 , n 3 and n 4 . From the saturations, S HbO 2 and S HbCO 2 , the total O 2 and CO 2 contents in whole blood can be calculated as described in Appendix A. ; and R rbc appropriately from the literature (see Table 1 for references) and then estimate the proportionality equilibrium constant K 00 4 and the empirical exponents n 0 , n 1 , n 2 , n 3 and n 4 so as to obtain the appropriate forms and shifts in the HbO 2 dissociation curves with respect to the levels of pH rbc , P CO 2 , [DPG] rbc and T in accord with experimental observations and their summaries captured in the models of Kelman 18 and Buerk and Bridges. 7 The generality and comprehensiveness of the calculations might seem disadvantaged by their apparent complexity, but in fact the code for the equations is quite simple algebra and is viewable (and downloadable) within three clicks of http://physiome.org/Models/GasTransport.
RESULTS: PARAMETER ESTIMATION

Calculation of Equilibrium Constants
We choose the values Table 1 for references); K 1 is the equilibrium constant of the overall CO 2 29 and Fig. 10 .11 of Antonini and Brunori. 2 The estimation of the proportionality equilibrium constant K 00 4 and the empirical exponents n 0 , n 1 , n 2 , n 3 and n 4 are described below.
Calculation of Oxygen P 50
The P 50 for O 2 39 We then employ the method of regression analysis to determine the curve-fit polynomials for these computed P 50 values recursively with one of the variables varying and the other three fixed at their standard physiological values. We found that the P 50 (pH rbc ), P 50 (P CO 2 ) and P 50 ([DPG] rbc ) are best-fitted by quadratic polynomials, whereas P 50 (T) is best-fitted by a cubic polynomial. This is demonstrated through Fig. 1 The P 50 (pH rbc ) and P 50 (P CO 2 ) computed from Eq. (11) are more accurate than those computed from Eq. (12). They agree closely near the standard physiological conditions, but deviate when the conditions are far different from the standard conditions, as seen in Figs. 1a and 1b. The P 50 (T) formulas agree well over the whole range of T, as seen in Fig. 1d , n 0 , n 1 , n 2 , n 3 and n 4 .
Equations for Parameter Estimation
Now eliminating K HbO 2 from Eqs. (7a) and (8a), then substituting the expression for K 00 4 from Eq. (9), and finally evaluating the resulting equation at 50% HbO 2 saturation (S HbO 2 = 0.5), we obtain the following equation relating K 00 4 , n 0 , n 1 , n 2 , n 3 and n 4 to P 50 :
where K ratio and K fact below characterize the nonlinear O 2 -CO 2 interactions: (13) is based on the model of Buerk and Bridges 7 which is plotted in Fig. 1 and is given by the polynomial (11) . We use Eqs. (13), (14a) and (14b) to estimate the values of K 00 4 , n 0 , n 1 , n 2 , n 3 and n 4 . (13) becomes independent of the exponents n 1 , n 2 , n 3 and n 4 (because all the ratios in K fact are 1) and so depends only on the exponent n 0 . On comparing the resulting equation with the relation between the Hill exponent and Hill coefficient (given below Eq. 1), we obtain the following estimations for K 00 4 and n 0 : À1 that is independent of the choices of n 1 , n 2 , n 3 and n 4 . It can be noted here that one can use P O 2;S = P 50,S = 26.8 mmHg as the reference P O 2 instead of P O 2;S = 100 mmHg. However, this will give a different estimate of K 00 4 , while the estimate n 0 = 1.7 will remain unchanged.
The current model can be made to fit the Adair model (or Severinghaus's 33 model) by adjusting parameters so that Eqs. (7a), (8a) and (9) fit Adair's equation (or Severinghaus's 33 equation). In this case, the exponent n 0 will be obtained as a function of P O 2 . However, we avoid this because the S HbO 2 to P O 2 relationship will then no longer be analytically invertible. See Appendix A for the calculation of blood O 2 content from saturation, S HbO 2 , and P O 2 , and see Appendix B for calculating P O 2 from S HbO 2 and the P 50 , taking into account P CO 2 , pH, [2, , Hct, and T.
Estimation of n 1 , n 2 , n 3 and n 4 The empirical exponents n 1 , n 2 , n 3 and n 4 are estimated as independent of each other. These are estimated recursively by varying one of the physiological state variables and fixing the others at their standard values. For example, the exponent n 1 is estimated by varying the level of pH and fixing the levels of P CO 2 
where the P 50 's are given by the polynomial expression (11) and the second subscript ''1'', ''2'', ''3'' or ''4'' indicates that a particular one of the variables pH rbc , P CO 2 , [DPG] rbc or T is varying. Figure 2 shows the variation of n 1 with pH rbc for P It is depicted that the exponent n 4 is considerably larger compared to the other exponents n 1 , n 2 and n 3 , whereas the exponent n 2 is very small. This is because the effect of temperature T on the O 2 affinity is very significant and that of P CO 2 is relatively small. These calculated functional forms of the exponents n 1 , n 2 , n 3 and n 4 are used here to compute S HbO 2 , S HbCO 2 , [O 2 ] bl and [CO 2 ] bl . However, for simplicity, the standard values n 1,S = 1.06, n 2,S = 0.12, n 3,S = 0.37, and n 4,S = 4.65 (see Table 1 ; calculated using the standard physiological conditions) can also be used. In this case, the shifts in the HbO 2 saturation curves will not be very accurate. The results are summarized through Figs. 3-6 , presented below.
DISSOCIATION CURVES AND BLOOD GAS CONTENTS
Oxyhemoglobin (HbO 2 ) Dissociation Curves Figure 3 shows the comparison of the HbO 2 dissociation curves computed from current model, Kelman 18 model and Buerk and Bridges 7 model for pH rbc = 6.92, 7.24 and 7.56 with P CO 2 = 40 mmHg, [DPG] rbc = 4.65 mM and T = 37°C. It is seen that these curves are in fairly good agreement with each other over the entire saturation range, although our curves are consistently slightly below the curves of Kelman and Buerk and Bridges when S HbO 2 < 30%. In this range, our curves are not very accurate, since our model is based on the Hill's equation, which is considered to be accurate only in the saturation range of 20 to 98%, 29 and one might therefore prefer their models at very low P O 2 even though inversion is more difficult. However, for S HbO 2 > 30%, our curves agree closely with the curves of Buerk and Bridges which were fit to actual human and dog blood HbO 2 saturation data of Roughton et al., 28 Roughton and Severinghaus, 30 Winslow et al., 40 and Sveringhaus. This diminution of Hb affinity for O 2 as pH decreases or P CO 2 increases is known as the Bohr effect, so our model provides a quantitative description of the Bohr effect. The shifts in the HbO 2 dissociation curve with changes in P CO 2 or [DPG] are small as compared to those occurring with changes in pH and T; the O 2 affinity of Hb is most sensitive to temperature T. Undoubtedly the fit of these models to complete data sets (such as the unfortunately unavailable set of Winslow et al. 40 would result in improved parameter estimates, but these curves should be accurate roughly to 2 or 3% for P CO 2 's above 20 mmHg.
Carbamino-Hemoglobin (HbCO 2 ) Dissociation Curves Figure 5a depicts that the CO 2 saturation of Hb (S HbCO 2 ) is greatly affected by pH, and is dependent only on the shift in affinity for single site binding. But raising [H + ], reducing pH, greatly reduces the CO 2 affinity for Hb, reducing the carbamino formation: so the P 50 for CO 2 shifts rightward. Likewise, Figs. 5b and 5d show that raising P O 2 and T shift the P 50 for CO 2 rightward, indicating a reduction in carbamino formation and CO 2 affinity for Hb. This shift in P 50 for CO 2 is higher at lower values of P O 2 and T and negligible at higher values of P O 2 and T. The alteration of the CO 2 affinity of Hb with respect to P O 2 is known as the Haldane effect, so our model provides a quantitative description of the Haldane effect.
The curve of S HbCO 2 asymptotes at high P O 2 to a limiting curve (Fig. 5b) because HbO 2 saturation is almost complete by P O 2 = 100 mmHg beyond which O 2 has no direct effect on CO 2 binding. For temperature (Fig. 5d) , the apparent asymptotic behavior is due to a combination of factors: a reduction in the concentration of dissolved CO 2 due a decrease in solubility of CO 2 Figure 6d shows that an increase in Hct leads to a decrease of plasma space, an increase in average pH in blood (since pH rbc = 7.24 and pH pl = 7.4), and hence a decrease in [HCO 3 À ] . These lead to a decrease in total CO 2 content in whole blood.
DISCUSSION AND CONCLUSIONS
The transport and exchange of O 2 and CO 2 in the circulatory system is highly influenced by the competitive binding of O 2 and CO 2 with hemoglobin (i.e., the Hb-mediated nonlinear O 2 -CO 2 interactions) and by the levels of pH (acidity), 2,3-DPG concentration, and temperature in RBCs. Thus, in the modeling of simultaneous transport and exchange of O 2 and CO 2 , one must consider suitable model equations for O 2 and CO 2 saturations of Hb (S HbO 2 and S HbCO 2 ) which are coupled or linked to each other through the kinetics of O 2 and CO 2 binding to Hb. Also, for computational efficiency, in simulating the blood-tissue gas exchange processes in changing physiological states, the S HbO 2 to P O 2 and S HbCO 2 to P CO 2 relationships should be analytically invertible. Again, since the S HbO 2 is measurable spectrophotometrically, estimating P O 2 from S HbO 2 is of practical, even clinical, consequence. However, as S HbCO 2 can not currently be estimated spectrophotometrically, there is no practical utility in calculating P CO 2 from S HbCO 2 .
The models for standard all the four Adair constants as functions of pH, P [2, and T involving six adjustable parameters (see Eq. 9), including one proportionality equilibrium constant K 00 4 and five empirical exponents n 0 , n 1 , n 2 , n 3 and n 4 . These were estimated using the P 50 (pH rbc P CO 2 [DPG] rbc T) values from the model of Buerk and Bridges 7 for nonstandard HbO 2 dissociation curves which agree closely with those obtained theoretically by Kelman 18 and experimentally by Winslow et al. 39 for normal human whole blood. These estimates are also influenced by the equilibrium constants for the other kinetic reactions in the uptake of CO 2 and ionization of Hm-NH 2 chains. These equilibrium constants are chosen or calculated appropriately to be consistent with those referred to largely in the literature. 2, [14] [15] [16] 31 Our new model could be fitted to other sets of experimental data for characterizing the O 2 and CO 2 saturation of Hb. The report of Winslow et al. 39 was based on a large dataset, and in their report, the data were summarized by the P 50 values; the original data are no longer available, unfortunately, else they would have served as an excellent test of our descriptive equations. From an optimization using such large datasets, we would obtain more precise estimates of equilibrium constants and P 50 (pH rbc , P CO 2 , [DPG] rbc , T) values, and presumably improved estimates of our model parameters, particularly the exponents n 1 , n 2 , n 3 and n 4 .
The new model equations for S HbO 2 and S HbCO 2 are used here to calculate the O 2 and CO 2 contents in whole blood (see Appendix A). The HbO 2 and HbCO 2 dissociation curves and the O 2 and CO 2 contents in whole blood computed through these new equations are in good agreement with the published experimental and theoretical results in the literature. The result shows that at normal physiological conditions in arterial blood, the P O 2 is about 100 mmHg and so Hb is about 97.2% saturated by O 2 while the amino group of Hb is about 13.1% saturated by CO 2 . The invertibility (see Appendix B) of our new equations for S HbO 2 and S HbCO 2 allows their convenient use in computationally complex models of simultaneous or dynamic transport and exchange of O 2 and CO 2 in the alveoli-blood and blood-tissue exchange systems. This model has been implemented in our Java Simulation (JSim) interface, the mathematical modeling language (MML) code of which is available for download and public use at our physiome website, http://physiome. org/Models/GasTransport.
Our new model is unique in the sense that it is derived from the equilibrium binding of O 2 and CO 2 with Hb and it accounts for all the factors (e.g., P O 2 , P CO 2 , pH, [DPG] and T) that affect the O 2 and CO 2 binding to Hb. It also establishes the linkage between S HbO 2 and S HbCO 2 as well as the Hb-mediated nonlinear O 2 -CO 2 interactions (or Bohr and Haldane effects), the effects of which are important in simulating the complex simultaneous or dynamic transport and exchange of O 2 and CO 2 in the microcirculation. The kinetic and equilibrium constants, compiled from the literature or estimated in this paper, can be used in the dynamically modeling of the complex gas exchange process in vivo. These can also used to compute the concentrations of all the reaction products at equilibrium from Eqs. (3a) to (3i).
In summary, our new multidimensional model equations for S HbO 2 and S HbCO 2 are relatively simple, lending themselves to simple equation-solving by spreadsheet or by a simple program in a handheld computer. Severinghaus 32 provided a slide rule for this purpose, and later in his 1979 paper, 33 he summarized all the earlier calculations through appropriate model equations, which gives the earlier references, and which stimulated Ellis 9 to provide the inverted calculation (P O 2 from S O 2 ). The Appendix B provides a recipe for the inversion of our new S HbO 2 to P O 2 relationship that allows calculation of whole blood O 2 content from the HbO 2 saturation (e.g., provided spectrophotometrically) and other chemically or physically determined measures of pH, P O 2 P CO 2 or bicarbonate, [2, , and temperature (T) in blood. Of particular value in analyzing the 15 O-oxygen time course data from PET (positron emission tomography) using convection-diffusion distributed models (e.g., Li et al. 23 is the analytical invertibility of the Hill-type expression for S HbO 2 , as given by Eqs. (B.1) to (B.3) in the Appendix B.
We measured the computation times for numerical inversion of Kelman 19 Correspondingly, [Hb] rbc is about 5.18 mM that is assumed to be fixed and independent of Hct. With W pl = 0.94, W rbc = 0.65 and Hct = 0.45, we have W bl = 0.81 mL water per mL blood. With these data and at a P O 2 of 100 mmHg, the O 2 saturation of Hb, S HbO 2 , is about 97.2%, the O 2 content of whole blood is about 0.26 mL O 2 per 100 mL blood in free form plus about 20.18 mL O 2 per 100 mL blood bound to Hb, making a total O 2 content in whole blood of 20.44 mL O 2 per 100 mL blood.
Calculation of CO 2 Content in Whole Blood
To calculate the CO 2 content of whole blood, we need to sum the four forms of CO 2 in blood: CO 2 in dissolved form, as carbonic acid (H 2 CO 3 ), as appendix), the calculations of K fact and K ratio are
